ICURNAL OF RESEARCH of the Nutienal Bureau of Standands—A. Physica and Chamiztry
Vol. 674, No. 4, Tuly-Auquet 1963

Relaxation Modes for Trapped Crystal Point Defects
A. D. Franklin

{April 10, 1963)

Gronp

iadea of 2 point defect trapped frear st joplteiby atom or
more than one seb of nelghbm;ga sitem i3 avalahle to the point deface.

case of 3 cation vaceEney (rap)

wpraaentation theary ia applied to the problem of celeuwlating the relaxation

other defect jo & cryetal, where
For illusbration, 1the

near & divalent impurity in the sodlum chlorlde lattice is

treated, ingluding hearest- and next-nearesi-neighbor sitep,

Haven and van Santen [1]° and Wachtman [2] have
used group theory methods to determine the relaxa-
tion modes appropriate to & vacency trapped in the
vicinity of &n impurity ion in an iomic crxrstal.
Wachtman &pf].i.ed the results to a study of Thi
coutaining Ca*+ and oxygen ion vecancies. Hawven
and van Santen treated the case of a sodium-chloride
lattice contaihing divalent impurities and sodium-ion
vacuncies, They pave complete solutions for all
modez for the relazation invelving ooly nearesti-
wveighbor poesitions, and also considerad several spe-
cial cazes when next-nearest-neirhbor itions were
allowed az woll. Previously, Lidiord [3] had solved,
without restrictions, for the slectrically active ralax-
ation invelving next-nearesi-neiphbor positions, but
had not distinguished she two distinet modes present
in his solutions. Dreyfos [4] showad that Lidiard’s
solulion was indeed equivalent to two elecirically
wctive modea. Haven snd van Satnen had also ob-
tained two elactrically active relazation modes.

The eroup theory methode can in fsct be very
readily extended to include any number of additional
sets of neighbors.  The problem of the undriven relax-
ation can be expressed mathematically i meatrix
Torm [2]:
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where [ is the identity matrix; C'is & matrix in which
the element in the tth row and jth column is the
negative probebility per unit time of a jump from the
4th into the fth site, and in which tha éth diagonal
elament is the som of all jump probabilities cut of

-
the ith zite; and p is the vector whose ith conponent
ts the probahility of occupation of the :th site by the
point-defect. The eigenvectors of ' in the spaes of
L]

p are then the relaxation modes.

Sinee by definition the various sets are noi carriad
into each other by the point-greup operations of the
cryatal, they correapond to inde ent, orthogonal
subspaces of the vector space detined by the ocenpe-

1 Flgurea in brackets indicats the Ilteratarn referenoes 4t the end ol this papsr,

tion probability of the allowed sites. Hence the re-
laxatibn modes corresponding to the various appro-
prinie irceducible representailons of the ‘im'mt group
can be found separately for each set, and then com-
bisied 113 & sunple fashion. The relaxalion modes for
the whole system, jnvolving all allowed sites, will ba
just linear combinationa of the modes for the saveral
seta, cornbining together only modes belonging to the
same irreduciblo representation and arising, as part-
ners, from the same symmstry-besis funetions as
digcussed by Bethe [5].

Use of standard tnatex bra methods [8] allows
the problem to be solved. A real, orthopoosl trans-
formation matrix may be formed from the uncom:-
bined relaxation inodez as coluinhs. This matrix
tranaformos  to reduced form, from which the sigen-
values and the coefiicients in the linear combinations
of uncombined relaxation modes that conatitute the
eigenvectors may be enleulated. The eigenvalues
are just the reciprocsl relaxation times. Oua eigen-
value s always zero, corresponding to the eyuilibrium
distribution of the defects. Jf the correspooding

-
normalized eigenvector is »,, and the other normal-

i
ized sigenvectors are denoted by . then the solu-
tigns to eq (1} can be written
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where the fyy are deterovined by the initial distribu-

-
tion, the 4, are the components of 4, and the A, ave
the pigonvalues, and A 13 the total number of sites
availahle.

Application of this techniqus to the problem of
the motion of B sodium-ion vacancy trapped near a
divalent impurity ion in the sodinn-chloride Jattice,
and allowing jumpe among nenrest snd next-nearest
neighbors sz well as inlerchange betweon the
mmpurity ion and the vacancy on a hearest-neaighbore
gite, results in the following (unnormelized) relaxa-
tion Inodes [7]:
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MODE NUMBER
13, 14,15,18, 17,18

In this table, tha w's represent the jump fraquencies
for the unit motions, a= foliows: wy—between nearesi-
neighbor positions; ww—interchange of the impurity
ion and the vacancy in & nearsst-neighbor position;
w,—-naarest-neighbcr to next-nearest-neighbor posi-
tion ; and sw—the reverss of wy.  For any group, such
83 modes 7, &, and 9, having the same relazation fre-
queacy, sny linear combination will aleo be & relaxa-
tion mode. In the %rmg][l: 3,4, 5, and §, there nra two
pairs distinguished hy the sube axis along which the
uniaxial compression acts. Note that relaxation
slong the third axie is the negative sum of those along
the other two axes. In tha electrically active group
13 to 13, there are threa pairs, again correaponding
to the three independent cube axes, The vecupation
rBiios, ¢, given in the lagt column are defined in the
sketches shown in the figure for the various modes.

The author is grateful to 1. B. Wachiman, Jr., for
the original suggestion that led to undertaking this
roblem, and to

th J. B. Wachtman, Jr., and A. H.
shn for extremely enlightening discussions.
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